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Abstract. We study the thermodynamic formalism of sufficiently reg- 
ular interval maps for Holder continuous potentials. Extending a previ- 
ous result of Bruin and Todd, we show that if the potential is hyperbolic 
and satisfies a technical bounded distortion hypothesis, then there is a 
unique equilibrium state, and that this measure is exponentially mix- 
ing. Moreover, we show the absence of phase transitions: The pressure 
function is real analytic at such a potential. 



1. Introduction 

In this paper we study the thermodynamic formalism of sufficiently regu- 
lar interval maps for Holder continuous potentials. The case of a piecewise 
monotone interval map /:/—>/, and a potential (p of bounded variation 
satisfying 

supv? < P(f, if), 
I 

where P(f, <p) denotes the pressure, is very well understood. Most results 
apply under the following weaker condition: 

For some integer n > 1, the function S n (cp) := Y2J=o f ° P satisfies 
sup/ \S n (ip) < P(f,<p). 

In what follows, a potential <p satisfying this condition is said to be hyper- 
bolic for f. See for example [BK901 IDKU901 IHK821 lKeT85l ILSV981 IRue94] 
and references therein, as well as Baladi's book [BalOOl §3]. The classical 
result of Lasota and Yorke |LY73| corresponds to the special case where / 
is piecewise C 2 and uniformly expanding, and (p = — In \Df\. 

For a complex rational map in one variable /, and a Holder continuous 
potential (p that is hyperbolic for /, a complete description of the thermo- 
dynamic formalism was given by Denker, Haydn, Przytycki, and Urbahski 
in |Hay99j IDPU96| IDU9H IPrz90| H extending previous results of Freire, 



2010 Mathematics Subject Classification. 37E05, 37D35. 

Key words and phrases. Interval maps, equilibrium states. 

HL was partially supported by FONDECYT grant 3110060, Chile. 

JRL was partially supported by FONDECYT grant 1100922, Chile. 

Tn this setting, most of the results have been stated for a potential tp satisfying the 
condition supy? < P(f,tp) that is more restrictive than ip being hyperbolic for /. General 
arguments show they also apply to hyperbolic potentials, see [IRRL12I §3]. 
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Lopes, and Mane [FLM831 IMan83] . and Ljubich [Lju83|. See also the al- 
ternative approach of Szostakiewicz, Urbahski, and Zdunik in [SUZllj . 

In both of these settings, piecewise monotone maps for bounded varia- 
tion potentials, and complex rational maps for Holder continuous potentials, 
most of the arguments rely on a study of the corresponding transfer opera- 
tor. So the tools developed to prove these results breakdown in the case of 
a sufficiently regular interval map with a Holder continuous potential, since 
in most cases the space of Holder continuous potentials is not invariant by 
the corresponding transfer operator^ 

Using an inducing scheme, Bruin and Todd obtained a general result for 
potentials that satisfy the "bounded range" condition: 

(1.1) sup ip - inf <p < h t0 p(f), 

I 1 

where ht op (f) denotes the topological entropy of /, see [BT08, Theorem 4] 
and also |IT1 1|. Theorem 1.1]. This condition is more restrictive than hy- 
per bolicity, see Appendix lAl 

The purpose of this paper is to extend [BT08, Theorem 4] to Holder con- 
tinuous potentials that are hyperbolic. Our result holds under a technical 
bounded distortion hypothesis, similar to that of BTO.V Theorem 4]. This 
hypothesis is automatically satisfied if the map is weakly hyperbolic in a 
precise sense. The fact that our results hold for hyperbolic potentials, and 
not only for the more restricted class of potentials satisfying the bounded 
range condition, is crucial to obtain the main results of the companion pa- 
per |LRL12| . To prove our main result, we use the induced scheme developed 
by Przytycki and the second named author in [P RL071 IPRL11] . 

We now proceed to state our main result more precisely. 

1.1. Statement of results. Let (X, dist) be a compact metric space and 
T : X — > X a continuous map. Denote by M.{X) the space of Borel prob- 
ability measures on X endowed with the weak* topology, and by M(X, T) 
the subspace of A4(X) of those measures that are invariant by T. For each 
measure v in Ai(X, T), denote by h u (T) the measure-theoretic entropy of v. 
For a continuous function ip : X — > R, denote by P(T, ip) the topological 
pressure of T for the potential (p, defined by 

(1.2) P(T,<p) : = supjMr) + J ' <p dv : v € M(X,T)\ . 

A measure v in A4(X,T) is called an equilibrium state of T for the poten- 
tial (p, if the supremum in (jl.2p is attained at v. 

On the other hand, a measure v in A4(X, T) is exponentially mixing for f, 
or has exponential decay of correlations for /, if there are constants C > 

+ The spaces of functions of p-bounded variation used by Keller in [Kel85j . which contain 
Holder continuous functions as well as functions with discontinuities, are well adapted for 
interval maps of Lorenz type. However, these spaces are not invariant by the transfer 
operator of a map having a non-flat critical point. 
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and p in (0, 1), such that for every bounded measurable function (p : X — > R, 
and every Lipschitz continuous function ip : X — > R, we have for every 
integer n > 1 



bo f n ■ ip du - 4> dv / V 



A 



where |^|| L i P := sup^,^^, 1 ttl^ffl - 

Our main result is stated for interval maps that are of class C 3 with non- 
flat critical points, see §2.2l for precisions. Moreover, we restrict the action of 
such a map / to its Julia set J(f), which is also defined in ^2,2i We denote 
by g& the collection of interval maps of class C 3 with non-flat critical points, 
whose Julia set contains at least 2 points and is completely invariant. 

For a map / in si , our main result holds for a Holder continuous potential 
<p : </(/) — > R that satisfies a certain bounded distortion hypothesis, stated 
precisely in Roughly speaking, it requires that for each induced map F, 
defined through a sufficiently small nice couple as in [PRL07[ IPRL11] , the 
induced potential is Holder continuous. A potential ip : J(f) — > R satisfying 
this property is said to be "nicely distorted by /" . 

Main Theorem. Let f be an interval map in srf without neutral periodic 
points that is topologically exact on J(f). Let <p : J(f) — > R be a Holder 
continuous potential that is nicely distorted by f, and such that for some 
integer n > 1 the function S n (tp) := Sj=o f / J satisfies 

(1.3) sup-5 n ( v3 )<P(/| J(/) ,^). 

J(f) n 

Then there is a unique equilibrium state v of f for the potential <p. Moreover, 
the measure-theoretic entropy of u is positive and v is exponentially mixing 
for f . Finally, for every Holder continuous function ip : J(f) —> R that is 
nicely distorted by f , the function t \— > P(f, <p + tip) is real analytic on a 
neighborhood oft = 0. 

The following corollary is a direct consequence of the Main Theorem and 
the combination of p3RLSvS08, Theorem 1] and [R LS101 Theorem A], see 
Remark 14.21 Recall that for a differentiable map / : I — > I, a periodic 
point p of / of period n is hyperbolic repelling, if \Df n (p)\ > 1. 

Corollary 1.1. Let L be a compact interval, and let f : / — > / be an interval 
map in g/ with all periodic points hyperbolic repelling that is topologically 
exact on I . Assume that for every critical value v of f we have 

lim \Df n (v)\ = +oo. 

n— >+oo 

Then for every Holder continuous potential (p : I R that is hyperbolic, 
there is a unique equilibrium state u of f for the potential (p. Moreover, 
the measure-theoretic entropy of v is positive, and v is exponentially mix- 
ing for f . Finally, for every Holder continuous function ip : I R ; the 
function t \-t P(ip + tip) is real analytic on a neighborhood of t = 0. 
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In [LRL12, Theorem A] we show that for a map / as in the corollary, 
the hypothesis that the potential (p is hyperbolic is in fact automatically 
satisfied. This implies that the conclusions of Corollary 11.11 hold for every 
pair of Holder continuous functions (p and ip. 

The Main Theorem is closely related to the main result of [BTQ8], but 
there are some important differences. The first is that our Main Theorem 
applies to a larger class of maps: In [BT08, Theorem 4] the map / is assumed 
to be topologically exact on all of /; in our Main Theorem this corresponds 
to the special case where J(/) = /. 

Perhaps the main improvement in our Main Theorem, in view of its ap- 
plications in the companion paper [LRL12] . is that the hypothesis that the 
potential ip satisfies the bounded range condition (TTT]) in [BT08, Theorem 4] 
is replaced by the less restrictive hypothesis (jl.3p . that <p is hyperbolic. It is 
easy to see that every Holder continuous potential ip satisfying the bounded 
range condition satisfies (jl.3p with n = 1, and with </(/) replaced by /. 
On the other hand, for every map / as in the Main Theorem there is a 
potential (p that satisfies (jl.3p with n = 1, but that is not co-homologous 
to any continuous potential satisfying the bounded range condition, see Ap- 
pendix [A] 

Let us also mention that [BT08| Theorem 4] has 2 hypotheses on the reg- 
ularity of the potential. The first is that the potential has "small variations" 
for the partition generated by the partition of the interval domain into max- 
imal intervals of monotonicity. Our hypothesis that the potential is Holder 
continuous is stronger. The second hypothesis on the potential guarantees 
that for a suitable induced map the "induced potential" has bounded dis- 
tortion; it is similar to our hypothesis that the potential is nicely distorted 
by the map. 

1.2. Organization. To prove the Main Theorem we use the inducing scheme 
developed in |PRL07t IPRLllj . In this construction, the induced map is de- 
fined through a "nice couple"; we recall the definition of these in § §2.3^ [2~4l 
after some preliminary considerations in § §2.1|, 12.21 

There are 2 main ingredients in the proof of the Main Theorem. The first 
is a technical estimate (Proposition[A]in £j3]), from which we easily deduce the 
exponential tail estimates (Corollary 13. ip required to apply Young's general 
result. In the proof of this estimate, which occupies all of $3j we use an 
estimate on pressure of the first landing domains to a nice set, which we 
state as Lemma 12.51 in §2.51 

The second main ingredient in the proof of the Main Theorem is a Bowen 
type formula: For every sufficiently small nice couple, a certain 2 vari- 
ables pressure function of the induced map is finite on a neighborhood 
of (0, P(f, (p)), and it vanishes on the graph of t \— > P(f,(p + tip). This 
is stated as Proposition [B] in ^jU It is in the proof of this result that we use 
for the first time that ip and ip are nicely distorted. The proof of Propo- 
sition [B] is similar to the considerations in [PRLlll §7], but it is simpler 
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thanks to our characterization of the pressure function in terms of diffeo- 
morphic pull-backs (Lemma 14.4ft . 

The proof of the Main Theorem is at the end of §4.31 

1.3. Acknowledgments. The authors would like to thank Michal Szostakiewicz 
for a useful discussion related to Lemma lA.ll 

2. Preliminaries 

After fixing some notation and terminology in H2.1\ in M2.2I introduce 
the class of interval maps considered in this paper, in §2.31 we recall the 
definition of nice sets and couples, and in §2.41 we recall the definition of 
the induced map associated to a nice couple. Finally, in §2.51 we make a 
technical estimate that is used in the proofs of Propositions [A] and [Bj 

2.1. Generalities. We denote by R := R U {— oo,+oo} the extended real 
line. 

For an interval J of R, denote by \J\ its length. Moreover, for A > 
denote by AJ the open interval with the same midpoint as J and length A| J|. 
Given r > 0, an interval J is r-well inside an interval J, if (1 + 2r) J is 
contained in J. 

Throughout the rest of this article, fix a compact interval I of R. We 
endow it with the distance dist induced by the norm distance of R. For x 
in / and r > 0, denote by B(x, r) the ball of / centered at x and radius r. 

Given a differentiable map /:/—>/, denote by Crit(/) the subset of I 
on which the derivative of / vanishes. On the other hand, for each subset V 
of / and each integer n > 1, each connected component of f~ n (V) is called 
a pull-back of V by f n . A pull-back W of V by f n is diffeomorphic if f n 
maps W diffeomorphically onto a connected component of V, and it is non- 
diffeomorphic otherwise. 

2.2. Interval maps of class C 3 with non-flat critical points. We in- 
troduce a class of interval maps that includes non-degenerate smooth maps 
as special cases. 

A differentiable interval map / : I — > I is of class C 3 with non-flat critical 
points, if it has a finite number of critical points and if: 

• The map / is of class C 3 outside Crit(/); 

• For each critical point c of / there exists a number i c > 1 and 
diffeomorphisms 4> and tp of R of class C 3 , such that <j)(c) = ip(f(c)) = 
0, and such that on a neighborhood of c on /, we have 

h/>o/| = |^. 

Note that each map of class C 3 with non-flat critical points is continuously 
differentiable. 

Definition 2.1. Let f : I I be an interval map of class C 3 with non-flat 
critical points. The Julia set J(f) of f is the complement of the largest 
open subset of / on which the family of iterates of / is normal. 
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In contrast with the complex setting, the Julia set of an interval map of 
class C 3 with non-flat critical points might be empty, reduced to a single 
point, or might not be completely invariant@ However, if the Julia set of such 
a map / is not completely invariant, then it is possible to make an arbitrarily 
small smooth perturbation of / outside a neighborhood of J(f), so that 
the Julia set of the perturbed map is completely invariant and coincides 
with J(/). We note also that if / has no neutral periodic point, then J(f) 
is the complement of the basins of periodic attractors. For background on 
the theory of Julia sets, see for example [dMvS93]. 

As in the introduction, we denote by si the collection of interval maps 
of class C 3 with non-flat critical points, whose Julia set contains at least 2 
points and is completely invariant. Moreover, for / in si we put 

Crit'(/) :=Crit(/)n J(f), 

and restrict the action of / to J(f). In particular, the topological pressure 
of / is defined through measures supported on J(f), and equilibrium states 
are supported on </(/). 

2.3. Nice sets and couples. Let / : I — > I be a map in si. An open 
subset V of I is a nice set for f, if the following hold: 

• Each connected component of V contains exactly one critical point 
of / m J(/); 

• V is disjoint from the forward orbits of critical points not in J(f) 
and periodic orbits not in </(/); 

• For every integer n > we have f n (dV) n V = 0. 

In this case, for each c in Crit'(/) we denote by V c the connected component 
of V containing c. For r > 0, a nice set V for / is r-nice, if for each point x 
in V and each integer n > 1 such that f n (x) is in V, the pull-back of V by f n 
containing x is r-well inside a connected component of V. Moreover, a nice 
set V is r-well inside a nice set V, if for each c in Crit'(/) the interval V c is 
r-well inside V c . A nice couple for f is a pair of nice sets (V, V) such that 
V C V, and such that for every integer n > 1 the set f n (dV) is disjoint 
from V. 

Lemma 2.2. For every interval map f : I — > / in s/ that is topologically 
exact on its Julia set, there is r > such that the following property holds: 
For every 5 > there is a nice couple (V, V) such that V C £?(Crit (/), <5) 
and such that V is r-well inside V . 

This result is an easy consequence of the following. 

Proposition 2.3 ([CL09J, Proposition 5). For every interval map f in si 
that is topologically exact on its Julia set, there is r > such that for 
every 5 > there is a r-nice set for f contained in 5(Crit'(/), S). 

^This last property can only happen if there is a turning point in the interior of the 
basin of a one-sided attracting neutral periodic point, that is eventually mapped to this 
neutral periodic point. 
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Proof of Lemma \2. 6 A Let be the set of those c in Crit'(/) such that the 
closure of the set \J[^ p{c) intersects Crit'(/). In the case ^ is not all 
of Crit'(/), reducing 5 if necessary assume that for each c in Crit'(/) that is 
not in if, we have <5 < dist (UtT /*(c), Crit'(/)). 

Let r be given by Proposition 12.31 an d let V be a r-nice set for / con- 
tained in £?(Crit'(/), 6). Note that to construct a nice set V satisfying the 
desired properties, it is enough to find for each c in Crit'(/) an interval V c 
containing c that is r-well inside V c , and such that for each integer n > 1 
the set f n (dV c ) is disjoint from V. Suppose c in c € . Then there is an inte- 
ger n > 1 such that / n (c) is in V; let no be the minimal integer with this 
property, and let V c be the pull-back of V by f n ° containing c. Then for 
every integer n > 1 the set f n (dV c ) is disjoint from V. Moreover, since V is 
r-nice, V c is r-well inside F c . It remains to consider the case where c is not 
in c £ . By our choice of S, this implies that c is not contained in the closure 
of a connected component of the set 

R(y) := {z € V : there is n > 1 such that / n (z) € V}. 

Therefore, we can find an interval V c containing c that is r-well inside V c , 
and such that dV c is disjoint from R(V). This last property implies that 
for every integer n > 1 the set f n {dV c ) is disjoint from V. This finishes the 
construction of the nice set V := UceCrit'f/) ^ C anc ^ completes the proof of 
the proposition. □ 

2.4. The canonical induced map associated to a nice couple. Let / 

be a map in srf and let (V, V) be a nice couple for /. An integer m > 1 is a 
gooa! time for a point x in V, if f m {x) is in V and if the pull-back of V by 
/ m containing x is diffeomorphic. Denote by D the set of all those points 
in V having a good time. Moreover, for each x in D, denote by m(x) the 
least good time of x. Note that m(x) is constant on each component W 
of D; denote the common value by m(W). The canonical induced map 
associated to the nice couple (V, V) is the map F : D — > V defined by 
F(x) := f m ( x \x). Note that for each connected component W of D the 
set F(W) is a connected component of V; denote by c(W) the critical point 
of / such that F(W) = V c ^ w \ Denote by J(F) the maximal invariant set 
of F, which is equal to the set of all those points in V having infinitely many 
good times. Moreover, for each integer n > 1 and each y in F~ n (V), put 

m n (y) := m{y) + m(F(y)) + ■■■ + m(F n ~ 1 (y)). 

Note that m n (-) is constant on every connected component W of F~ n (V); 
we denote the common value by m n (W). 

When / is a complex rational map, the following lemma is [P RL07j 
Lemma 4.1]. The proof can be easily adapted to interval maps in s/. 
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Lemma 2.4. Let f be a map in <s/ that is topologically exact on J(f). Then 
there is 5 > such that for each nice couple (V ', V) satisfying 



there is c in Crit'(/) such that the set 
{m{W) : W is a connected component of D DV C such that F{W) = V c }, 
is non-empty and its greatest common divisor is equal to 1. 

2.5. First landing pressure. Given an interval map / : / — > I in and 

a nice set V for /, let Dy be the set of those points x in I \ V for which 
there is an integer £ > 1 such that / (x) is in V. For x in Dy, let £{x) be 
the least integer £ > 1 such that / £ (x) is in V, and put £V(x) := f t<yX \x). 
Note that for each x in .Dy, the pull-back W of V by I<V containing x is 
diffeomorphic. Furthermore, W is a connected component of D v , and the 
function i is constant on equal to £(x); we put £(W) := £(x). Denote 
by Dy the collection of all the connected components of Dy. 

This section is devoted to prove the following lemma, which is analogous 
to part 1 of [PRL11, Proposition 6.1]. 

Lemma 2.5. Let f be an interval map in &/ without neutral periodic points, 
and let ip : J(f) — > R be a Holder continuous potential. Then for every 
sufficiently small nice set V there is po < P(f, (p) such that 



To prove this lemma we use the following, which is essentially |PRLlll 
Lemma 6.2]. 

Lemma 2.6. Let f be an interval map in si ' . For every Holder continuous 
function ip : J{f) — > M, and every forward invariant set K such that f is 
uniformly expanding on K , we have 



Proof. Enlarging K if necessary, assume that the restriction of / to K ad- 
mits a Markov partition, see for example [PU101 Theorem 4.5.2 and Re- 
mark 4.5.3]. So there is at least one equilibrium state v of f\x for the 
potential <p\k- 

Enlarge K with more cylinders to obtain a compact forward invariant 
subset K 1 of </(/), so that / restricted to K' admits a Markov partition, 
and so that the relative interior of K in K' is empty. It follows that u 



max \V C \ < 5, 

ceCrit'(/) 




In particular, for each xq in V we have 



^2 exp (S e ( x) (ip - p l j(f) ) (x)) < +oo. 

x^E~ 1 {x a ) 



pU\kMk)<pU,v)- 
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cannot be an equilibrium measure for f\x' for the potential <p\k', so we 
have 

PUIkMk) = hu(f) + Jipdu< PU\k'Mk>) < P(f,<p). 

□ 

Proof of Lemma \2.5[ Let I be the domain of /. By the Koebe principle, for 
every sufficiently small nice couple (V, V) for /, the following property holds: 
For every U in D v , the distortion of f^( u ) on U is bounded independently 
of U. Let V be a sufficiently small neighborhood of Crit'(/) that is contained 
in V, and so that for each c in Crit'(/) there is a point x c of V c contained 
in 

K(V') := {x £ I : for every integer n > we have f n (x) V'}. 

Since / has no neutral periodic point, a theorem of Mane asserts that / 
is uniformly expanding on K(V'), see [Man85| . So by Lemma 12.61 we have 
P(f,(p) > P{f\K(V')i i P\K(V'))- On the other hand, combined with the dis- 
tortion property above, the fact that / is uniformly expanding on K(V') 
implies that there is a constant C > such that for every U in Dy, and 
every pair of points x and x' in U we have 

I <%/)<» 0*0 - Si(u)(<p){x')\ < c 

Since each connected component W of Dy is a diffeomorphic pull-back of V, 
there is a unique c in Crit'(/) and xw in W, such that f^ w \xy/) = x c ; 
note that xw is in K(V'). Then, 

limsup^log V] SU P ex P ( s e(f)) 
t-++<x> 1 we v* v WnJ(f) 

e(w)=e 




t(w)=i 



<limsup-log ^2 (Se((p)(x)) . 

^+°° c€Cnt'(f)x£K(V')nf- e (x c ) 

Together with a straight forward adaptation of |LRL121 Lemma 2.6] to f\K(v) > 
the above implies 




i(W)=l 

Thus, if we fix po in (P(f\K(y')i<p\K(V'))iP(fi<p))i then there is a con- 
stant C > such that for every £ > 1 we have 

V sup exp(S^) -p t) < C'exp (-£ (p - P{f\K(V)^\K(V)))) ■ 
weSy wnj(f) 

t(W)=i 
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Since the right hand side of this inequality is exponentially small in £, this 
implies ([2J]). □ 

3. Exponential tail estimate 

The purpose of this section is to prove Proposition |Aj below, from which 
we derive the exponential tail estimate (Corollary 13. ip that is used to apply 
the general result of Young. 

The following is analogous to part 2 of [PRL071 Key Lemma]; in the 
statement we use the terminology introduced in §2.41 

Proposition A. Let f be an interval map in <ef having no neutral peri- 
odic point, and let <p : J(f) —> M. be a Holder continuous potential sat- 
isfying sup jrf \ ip < P(f, ip) ■ Then for every sufficiently small nice cou- 
ple (V, V) for f , there exist p\ < P(f, <p>) such that the following property 
holds. Let F : D — >■ V be the canonical induced map associated to (V,V), 
and let T> be the collection of connected components of D. Then 

V sup exp{S m{w) (<p -piljffl)) < +oo. 
WeS wnJ(f) 

The proof of this proposition is at the end of this section. First we derive 
from it Corollary 13. H below. 

Let / : I — > L be an interval map in si, let (V, V) be a nice cou- 
ple for /, and let F : D — > V be the canonical induced map associated 
to (V, V). Given a measurable function G : J(F) — > R, a Borel measure \x 
on I is G-conformal for F, if it is supported on J(F), and if for each con- 
nected component W of D, and each Borel subset U of W n J(F), we have 
li{F{U)) = j u Gdii. 

Corollary 3.1. Let f be an interval map in si , and let ip : J(f) — > K be 
a Holder continuous potential satisfying sup jrn ip < P(f, ip) ■ Given a nice 

couple (V, V) for f, consider the corresponding canonical induced map F : 
D -> V, define the function ^ : J(F) -> E by 

^:=5 m( .) (<p-P(f,<p)l Jif) ), 

and let /j, be a exp(—&' fi )-conformal measure for F. Then, provided the nice 
couple (V, V) is sufficiently small, the following properties hold: 
1. There is £q > such that 

C' ■= ^ exp(m(W)e ) fi(W) < +oo. 

In particular, for every integer n > 1 we have 

KW) < C' eM-neo); 

m(W)>n 
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2. For every continuous function ip : J(f) — > R, every pair of real numbers t 
and p, and every 7 > 0, we have 




S m (.) + tip- plj(/)) | 7 dp < +00. 



Proof. Let (V, V) be a nice couple for /, for which the conclusion of Propo- 
sition [A] holds for some constant p\ < P(f,<p). 

1. Put £q := P(f, if) — pi and note that by the conformality of /i, for every 
element W of 2) we have 

n(yc(W)j = ^pfyy n = f exp (_$<^) d ^ 

JwnJ(F) 

so 

fi(^) = fj(fnJ(F))</j(F c W) sup exp($^). 

wnJ(F) 

Therefore, by Proposition [A] we have 
exp (rn(W)s ) n(W) 

< fi(V) V sup exp + e m(V^)a J(/ )) < +00. 
n/ eX ,wnJ(F) 

The proof of part 1 is thus complete. 

2. Since for every pair of real numbers t and p, the function tp + tip — pi j(/) 
is continuous, there is M > such that supj(j) \ip + tip — plj(/) | < M. Thus, 

f |5 m(0 (<? + ^ - pl J(/) ) | 7 d/x < J] (Mm(W))MW0 

n=l \ W€2,ro(W)=ri / 
Since by part 1 the sum X^VKeD m(VK)=n * s exponentially small in n, 

we conclude that fj/ F \ \S m (-) {f + tij) — plj^^j | 7 dpi is finite, as wanted. □ 

The rest of this section is devoted to the proof of Proposition [A] 

Definition 3.2. Let / : / — > / be an interval map in &/, and let V be a 

nice set for /. Given an integer m > 1, a pull-back of V by / m is bad 
of order m, if for every integer m' in {1, • • • ,m} such that f m (W) C V, 
the pull-back of V by f m containing W is not diffeomorphic. Moreover, 
denote by 93o(V) the collection of connected components of V, and for each 
integer m > 1, denote by 93 m (V) the collection of bad pull-backs of V by f m . 

Let / be an interval map in and let (V, V) be a nice couple for /. 
Denote by 2J the collection of connected components of V, and extend the 
function i defined in §2.5} as constant equal to on V. Note that for each U 
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in 2)y, the map f^ u ^ maps a neighborhood U of U diffeomorphically onto 
the connected component of V containing f^ u \U). For each integer fh > 
and each Y in 03^ (V), denote by 3^ the collection of all intervals W for 
which the following holds: There is an interval W and U in DyUVB, such that 
W C W C Y , U C f(V), and such that f m+1 maps W diffeomorphically 
onto U, and W onto £7. 

The following is [RLS10[ Lemma 6.5], see also [PRLlll Lemma 3.4]. 
Lemma 3.3. Let f be an interval map in and let (V, V) be a nice couple 
for f . Moreover, let F : D — >• V be the canonical induced map associated 
to (V, V), and let D be the collection of all the connected components of D. 
Then we have, 

+oo 

®=u u %> 

™=0y e *B~(y) 

and for each integer fh > 0, each Y in QS^V), and each x in D (~)Y , we 
have 

(3.1) m(x) =m + l + e(f fh+1 (x)). 

Part 1 of the following lemma is similar to part 1 of [PRL07, Lemma 7.1]. 

Lemma 3.4. Let f be an interval map in si ' , and let V be a nice set for f . 
Let L > 1 be an integer such that for every critical point c and every i 
in {1, 2, • • • , L}, we have either 

f (c) g V or f(c) G Crit(/). 

Then the following hold. 

1. For each integer n > 1, there are at most ((L + 1)# Crit(/)) L bad 
pull-backs ofV by f n . 

2. For each integer n > 1, each pull-back W of V by f n , and each point y 
in V , we have 

#(f- n (y)nW)<2 1+n / L . 

Proof. 

1. Fix n > 1. For a given non-diffeomorphic pull-back W of V by f n define 
an integer s > 1 and a strictly increasing sequence of integers (no, • • • ,n s ) 
with no = and n s = n by induction as follows. Suppose j > is an integer 
such that nj < n — 1 is already defined. If rij+L > n or if n,+i < n — 1 and 
for each i in {n^ + L, • • • , n — 1} the set f l (W) does not intersect Crit(/), 
then put nj+i := n, s := j + 1 and stop. Otherwise, let n/4.1 be the least 
integer i in {nj + L, ■ ■ ■ , n — 1} such that f % (W) n Crit(/) ^ 0. 

Fix an integer n > 1. For every bad pull-back of V by / ra we associate a 
strictly increasing sequence (n , • • • ,n s ) as above and associate a sequence 
of critical points (ci, • • • , c s _i) such that Cj € / ni (H^) for each i G {1, ■ ■ ■ , s — 
1}. Note that, by definition of L and (no, • • • , n s ), each pair of sequences 
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(no, ■ ■ • ,n s ) and (ci,--- , c s _i) can have at most #Crit(/) bad pull-backs 
of order n. It follows that there are at most # Crit(/) s bad pull-backs of V 
by f n with the same sequence (no, • • • , n s ). 

On the other hand, by our construction of (no, • • • , n s ) we have n^— nj_i > 
L for every integer i £ {1, ■ ■ ■ , s — 1}. Hence s < J + 1 and for each integer 
m £ {1, ••• ,n} there is at most one integer r G {0, 1, • • • , L — 1} such 
that m + r is one of the nj. It follows that there are at most (L + iy+ n / L 
such increasing sequences (no, • • • , n s ). Therefore we conclude that the total 
number of bad pull-backs of V by f n is at most 

#Crit(/) s (L + l) 1+ "/ L < (#Crit(/)(L + l)) 1+ "/ L . 

2. Fix y E V and a pull-back W of V by f n . If PF is a diffeomorphic 
pull-back of V by f n , then #(/~ n (y) n W) = 1 < 2 1+n / L . Now we assume 
W is a non-diffeomorphic pull-back of V by f n . As in part 1, we associate 
a strictly increasing sequence (no, ■ ■ ■ ,n s ) for W. Using the definitions of 
L and (no, • • • , n s ) again, we know that for every i G {1, ■ ■ ■ , s} the map 
jn i -n t ^ 1 a £ mos ^ one cr itical point in f ni (W). It follows that the map 
f n has at most s critical points in W. Noticing that s < 1 + n/L as part 1, 
we conclude that 

#CT n (y)nwO < 2 s < 2 1+n/L . 

□ 

Proof of Proposition L"4l Fix % > satisfying no < -P(/, V?) — supj(y) and 
let L > 1 be large enough so that 

(3.2) (2(L + 1)# Crit(/)) 1/L < exp(7 ?0 ). 

Let (V, V) be a sufficiently small nice couple for /, such that for every i 
in {1, 2, • • • , L} and c in Crit (/) we have either 

f(c) £y or f(c) e Crit(/). 

Taking (V, V) smaller if necessary, assume that the conclusion of Lemma [2.5l 
is satisfied for some p\ in ^supj(j) ip + no, P(f, V 7 )^ • 

Note that for every x in I there are at most # Crit(/) + 1 points in f~ 1 (x), 
and that for every VF in 5^o := U c eCrit'(/) ^V c i the set /(IF) is in Dy. So, 
using that (p is continuous and hence bounded, we have by Lemma 12.51 

A:= V sup exp(5 m(W /)(^ -pil J(/) )) < +oo. 
w&0 wn.J(f) 

In view of Lemma 13. 3( to complete the proof of the lemma it is enough to 
show 

(3.3) B :=Y^ Yl sup ex P( S m(W)(f ~ Pi^Jif))) < +°°- 
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Let n > 1 be an integer, and let W be in *B n (V). By part 2 of Lemma [3,41 
for every x in V there are at most 2^ l+n / L ' > points of f~ n (x) in W . Hence, 
noticing that f n (W) is in 33q, we have by (13, 1|) 



V sup exp(5 mW (^-pil J{/) ))<2 1+ iexp n sup^-j)i -A 
w ^WnJ(f) V V(f) J J 

On the other hand, by part 1 of Lemma 13.41 the number of bad pull-backs 
of V by f n is bounded by ((L + 1)# Crit) 1+n/i . Therefore, letting 

M n := ((L + 1)# Crit) 1+n/i 2 1+ r exp ^sup tp - p^j V 

we have 

X] SUP ^P^mCW)^ -Pi a J(/))) < M « • A - 



Noticing that k := exp yqo + supj(j) ip — p\J is in (0, 1), we have by (|3.2p 

+ 00 + OO 

B < Aj2 M n < 2A(L + l)(#Crit(/))^K n < +oo. 

n=l n=l 

This completes the proof of the proposition. □ 



4. Proof of the Main Theorem 

Throughout this section, fix a map / : I — > I in .2/. Following the general 
strategy in [PRLllj . in §4.1 1 we consider a 2 variables "induced pressure 
function" , and in §4.21 we show this function vanishes precisely on the graph 
of the pressure function of / (Proposition [B]). This is used in §4.31 to prove 
the Main Theorem. 

4.1. Two variables pressure function. Let (V, V) be a nice couple for /, 
and let F : D — > V be the canonical induced map associated to (V, V). 
Denote by D the collection of connected components of D, and for each c 
in Crit'(/) denote by D c the collection of all elements of D contained in V c , 
so that D = UceCrit'(/) ^ wor d on the alphabet 2) is admissible, if 
for every pair of consecutive letters W and W we have W € ?Q C ( W '\ For 
each integer n > 1, denote by E n the collection of all admissible words 
of length n. Given W in 2), denote by 4>w the inverse of F\w- For an 
integer n > 1 and W£ in E n , put 

c(l$D := c{W n ) and m(VF) := m(Wi) + • • • + m(W n ). 

Note that the composition 

<t>W ■= 4>W X o • • • o (j) Wn 
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is defined on V c ^—\ and takes images in D; put Dyj_ := 4>y/{V c<yW ^). More- 
over, <fiw admits an extension to V c (—\ that is a diffeomorphism onto its 
image, and maps V c (— ) into V. 

A direct application of the Koebe principle, as stated for example in [BRLSvS08j, 
shows that F determines a Conformal Graph Directed Markov System (CGDMS) 
in the sense of [MU03] , see for example [PRL071 §A.l]. 

Throughout the rest of this section we fix 2 continuous functions p, ip : 
</(/) — > R, and for each pair of real numbers t and p, put 

4>t,p ■= <P + tip -ptj(f). 

Consider the function m(-) defined in §2A\ that to each point x in D assigns 
the least good time m{x) of x, and denote by the function S m ^(4>t ;P ) : 
J(F) — > R. Note that $o,p does not depend on ip. Given t in R an integer n > 
1, for each W_ in E n put 

V t (W):= sup (**,„)- inf (* t>0 ) , 

%nJ(F) DwpJ(F) 

and 

Vt(n) := sup V t (W). 

Using the terminology of [MU03], for t in R the function &t,o defines a 
Holder continuous potential on the symbolic space associated to F, if Vt(n) 
is exponentially small in n. In this case, for each p in R the function $f )P 
defines a Holder continuous potential on the symbolic space associated to F. 

Definition 4.1. For a map / in g/, a function <p : J(/) — > R is nicely 
distorted by /, if for every sufficiently small nice couple (V, V) for / the 
function S m ^((p)\j^, denoted by $0,0 above, defines a Holder continuous 
function on the symbolic space associated to F. 

Note that if (p and ip are both nicely distorted by /, then there are C > 
and 6 in (0,1) such that for every t in R and every integer n > 1, we 
have Vt(n) < C(l + jt|)# n - In particular, for every i and p in R the func- 
tion <3? ijP defines a Holder continuous potential on the symbolic space asso- 
ciated to F. 

Remark 4.2. For f3 > 0, a map / in =2/ satisfies the Polynomial Shrinking 
Condition with exponent j3, if there exist constants po > and Co > such 
that for every x in </(/), every integer n > 1, and every connected compo- 
nent W of f~ n (B(x, p)), we have diam(VF) < Cn~@ . Since the canonical 
induced map associated to a nice couple is uniformly expanding, it is clear 
that if for some /3 > 1 the map / satisfies the Polynomial Shrinking Condi- 
tion with exponent /3, then every Holder continuous function <p : J(f) R 
of exponent in (/3 _1 ,1] is nicely distorted by /, see for example [BT08, 
Lemma 3 b)]. Thus |BRLSvS08l Theorem 1] and [RLS101 Theorem A] imply 
that if / is an interval map in srf satisfying the hypotheses of Corollary II. 1( 
then every Holder continuous potential is nicely distorted for /. 
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Given t and p in R, for each integer n > 1 put 

(n-1 
sup ®t, P ° F j 

Dw_nJ(F) j =Q 

The sequence {log Z n (& t ,p)}n=i 1S clearly sub-additive, so 

(4.1) P(F,^ P ) := inf (ilogZ n ($ t)P ) : n > lj = lim - log Z n ($ t , p ). 

The number (|4.ip is the pressure function of F for the potential 3>t )P . The 
function ^ : R 2 -4 R defined by 

&{t,p) :=P(F,^ p ), 

is important in what follows. It is easy to see that for each real number t, 
the function p i— )• &(t,p) is non-increasing, and that it is continuous and 
strictly decreasing on the set where it is finite. 

Lemma 4.3. Let f be an interval map in &/, and let (p, if) : J(f) -4 R 
be continuous functions that are nicely distorted by f . Then for every suffi- 
ciently small nice couple (V, V) for f , the function & defined above satisfies 
the following properties. 

1. £P is strictly negative on 

(4.2) {(t,p) €R 2 :p>P(f, lf + ^)}. 

2. & is real analytic on the interior of the set where it is finite. 

Proof. Assume (V, V) is sufficiently small so that there are C > and 9 
in (0, 1), such that for every t in R and every integer n > 1, we have Vt(n) < 
C(l + |i|)# n - In particular, for every pair of real numbers t and p the 
function <3?i iP defines a Holder continuous function on the symbolic space 
associated to F, and for every integer k > 1, every W_ in E k , and every x 
and x' in Dyy_ n J(F), we have 



fc-i fe-i 
J2*t, P °Fi(x)-J2®t, p oFj(x') 

j=0 j=0 



<C(l + |i|)(l 



1. Let (t,p) in R 2 be such that p > P(f, 4>t,o)i and put Co := exp(C(l + 
|t|)(l— ^) -1 )- Moreover, for each c in Crit'(/), choose a point z c in V c (lJ(F). 
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Then we have 

+00 +00 / fc— 1 \ 

E z k (*t*) = E E ex p su p E Fj 

fc=l k=lW&E k \DwnJ(F) j=Q J 

+00 

- C °E E E ( S mi,(y)(M(y)) 

fc=lcgCrit'(/) y&F~ k (z c ) 
+00 

- E E exp(_:pn ) E expC^nC^t.o)^)) • 
c6Crit'(/) n=l yef~ n (z a ) 

Combined with [LRL12, Lemma 2.6], this implies 

+00 

E^fc(^,p) < +00, 
fc=i 

and therefore that £P{t,p) < 0. This shows that the function & is non- 
positive on (|4.2p . Since for each real number t the function p 1— > £P(t,p) is 
strictly decreasing on the set where it is finite, it follows that 9? is strictly 
negative on (|4.2p . 

2. For each in M? such that ^(i,p) is finite, [MU03[ Proposition 2.1.9] 
implies that the function defines a summable function on the symbolic 
space associated to F, in the sense of }MU03j . Since for each integer n > 1 
we have Vt(n) < C(l + \t\)9 n , the desired result is given by [MI 1031 Theo- 
rem 2.6.12]. □ 

4.2. A Bowen type formula. This section is devoted to the proof of the 
following proposition. 

Proposition B. Let f be an interval map in srf without neutral periodic 
points, and such that f is topologically exact on J(f). Moreover, let p,ip : 
</(/) — > M. be Holder continuous and nicely distorted by f , and suppose supj(j) ip < 

P(f,<p). Then for every sufficiently small nice couple (V,V), the pres- 
sure function & defined in is finite and real analytic on a neighbor- 
hood of (t,p) = (0, P(f, (p)), and there exists £0 > such that for each t 
in (—eo,eo) the function vanishes at (t, P(f,ip + tip)). 

The proof of this proposition is given after the following lemma. 
Given an integer n > 1 and a point x in /, a preimage y of x by f n is 
critical if Df n (y) = 0, and it is non-critical otherwise. 

Lemma 4.4. Let f be an interval map in si that is topologically exact 
on J{f), and let <p : J(f) — > M be a Holder continuous potential satisfy- 
ing supj(j) ip < P{fi4>)- Then for every point x$ of J(f) having infinitely 
many non- critical preimages, there is 5 > such that the following prop- 
erty holds: If for each integer n > 1 we denote by D n the collection of 
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diffeomorphic pull-backs of B(xq,5) by f n , then 



limsupilog S~] inf exp(S" n (<£))> P(f, </>). 

The proof of this lemma is based on Przytycki and Urbahski's adaptation 
to one-dimensional maps of Katok-Pesin theory, see |PU10^ §11.6]. The 
proofs in [PUIO} §11.6] are written for complex rational maps, but they 
apply without change to interval maps in si ' , 

Proof. In view of |Man85] . the hypothesis that / is topologically exact 
on «/(/) implies that the repelling periodic points of / are dense in J{f). 
It follows that there is a repelling periodic point po of / such that all of 
its preimages are non-critical. Let 5q > be sufficiently small so that for 
every 5* > there is n* > 1 such that for every integer n > n* satisfy- 
ing f n (po) = Po, the pull-back of B(po, 5q) by f n containing pq is diffeomor- 
phic and contained in B{pQ,5 if ). 

In part 1 below we prove the lemma with 5 = 5o, in the special case xq = 
Pq. In part 2 we deal with the general case using this special case. 

1. Let s > be given. Since the measure-theoretic entropy of / is upper 
semi-continuous as a function defined on M(J(f), /), there is an equilibrium 
state v of / for the potential (f>. Replacing v by one of its ergodic components 
is necessary, assume v ergodic. We thus have 

huU) = P(f, 0) " f<f>du> P(f, <f>) - sup ct> > 0, 
J J(f) 

and then Ruelle's inequality implies that the Lyapunov exponent of v is 
strictly positive, see }Rue78] . By [PU10[ Theorem 11.6.1], it follows that 
there is a compact and forward invariant subset X of J(f) on which / is 
topologically transitive, so that / : X — » X is open and uniformly expanding, 
and so that 

P(f\xA\x)>P{f^)-e. 
Hence, if we fix x' Q in X, then there is 5' > such that the following property 
holds: For each integer n > 1 denote by D' n the collection of diffeomorphic 
pull-backs of B(x' ,5') by f n along X; then 

(4.3) limsup-log V inf exp(5„(0)) > P(f, <f>) - e, 

see for example [PU101 Proposition 4.4.3]. Since / is topologically ex- 
act on J(f), there is an integer uq > 1 and a preimage p' of po by f n ° 
in B(x'q,5'). By our choice of po, the derivative Df no (p' ) is non-zero. So 
there is 5" > such that the pull-back of B(po,5") by f n ° containing p' 
is diffeomorphic and contained in B(x' ,S'). Let wtlq > 1 be an integer 
such that f m °(po) = po and such that the pull-back of B(po,5o) contain- 
ing pq is diffeomorphic and contained in B(po,5"). It follows that the pull- 
back of B(pq,5q) by f m o+ n o containing p' is diffeomorphic and contained 
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in B(x' ,S'). Therefore, if for each integer n > 1 we denote by the col- 
lection of all diffeomorphic pull-backs of B(po,So) by f n , then by (|4.3p we 
have 

limsup-log } inf exp(S n ((f>)) > P(f, <f>) - s. 

Since e is an arbitrary positive number, this proves the desired inequality 
with S = So, in the special case xq = po- 

2. The hypothesis that xo has infinitely many non-critical preimages implies 
that there is a non-critical preimage x' of xq such that all preimages of x' 
are non-critical. Since / is topologically exact on J(f), there is a preimage 
of x'q in B{po, So), and therefore there is an integer n > 1 and a non-critical 
preimage x' ' of xq by f n that is in B(j>o,Sq). It follows that there is S > 
such that the pull-back of B{xq,S) by f n that contains x'l is contained 
in B{po, So). Then the desired assertion follows from the special case shown 
in part 1. □ 

Proof of Proposition O We use the notations of §4.1 1 

Let S > be sufficiently small so that the conclusion of Lemma 14.41 
holds for every cq in Crit'(/) having infinitely many non-critical preimages. 
Let {V ,V) be a nice couple for / such that V C f?(Crit'(/), <5), and such 
that the conclusion of Lemma 14.31 hold. Replacing (V, V) by a smaller nice 
couple if necessary, assume by Lemma 12.51 and Proposition [A] that there 
is p\ < P(f, (f) such that 

(4.4) V sup exp(S w (v?-pilj(/))) < +oo, 
and 

(4.5) V sup exp(S m (w)(ip - piljff))) < +oo. 
WeS wnJ(f) 

Fix p2 in (pi,P(f, (p)), and let eo > be small enough so that 

e sup|V>| < min{p 2 -Pl,P(f,<p) ~P2}- 
J(S) 

Note that by our choice of £o> fo r every t in (— eo,£o) w e have on J(f) that 
ip + ttp>ip- (P{f, <p) - P2)lj(/), 

so 

(4.6) P(f,p + tiP) 

> P(f, if - (P(f, <p) - p 2 )t m ) = P(f, <p) - (P(f, <p) - pa) = P2- 

In part 1 below we prove that is finite on the neighborhood S := 
(— eo, So) x (p 2 ,+oo) of (0, P(f, </?))■ Then part 2 of Lemma [4.31 implies 
that is real analytic on a neighborhood of (i,p) = (0,P( f, (p)). In 
part 2 we complete the proof of the proposition by showing that for ev- 
ery t in (— Eo,£o), the function vanishes at (t,P(f,(p + tip)). 
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1. By our choice of £q, for every (t,p) in S we have on J(f) that 

(4.7) 4> t ,p = ip + tTp- plj(f) <<P+{P2-Pi~ < <P - Pl^J(f)- 
It follows by (H3D that 

Zi(4>t,p) = E sup exp(S , m(T y)(0 t)P )) 
lyes "'^(^ 

< V sup exp(S m(w) (ip - pit j {f) )) < +oo. 

Noting that for every integer n > 1 we have Z n (&t,p) < ^i( < ^t,p) ,l j this 
implies that &{t,p) is finite, and completes the proof that ^ is finite on S. 

2. Fix t in (— £o,£o) and for each c in Crit'(/) choose a point z c in V c n 
J(F). By part 1, the function p i-> &(t,p) is finite, continuous, and strictly 
decreasing on (p2)+oo). In view of part 1 of Lemma 14.31 it is enough to 
prove that for each p in (j>2, P(f, </>t,o)) we have &{t,p) > 0. Suppose by 
contradiction that there is such a p satisfying £?(t,p) < 0. For each integer 
n > 1 denote by the set of all those points x in / _n (Crit'(/)) such that the 
pull-back of V by f n containing x is diffeomorphic. In view of Lemma 14.41 
to obtain a contradiction it is enough to show that the sum 

+oo 

(4.8) ^ J>xp(S n (<M(x)) 

n=l x£& n 

is finite. By definition of <$^, the hypothesis &(t,p) < implies that the 
sum 

+oo +oo 

^ Z k{$t,p) = E SUP eXP ( S m(W)(4>t,p)) 

k=l fc=l WGE* D ^- n J(F) 

is finite. Since <&t,p defines a Holder continuous function on the symbolic 
space associated to F, it follows that for every c in Crit'(/) the sum 

+oo I k-l 

m-=Yl E ex P E^, P °^(y) 

fc=1 yeF-k( Zc ) \j=0 
is finite. On the other hand, if for each zq in V we put 

L(z ) := 1 + exp (S e{z) (4> tiP )(z)) , 

then by (|4,4p and (|4.7p . the supremum supy L is finite. Note that for each 
integer n > 1 and each point x in & n , either £ , y(a;) is in Crit'(/) or there 
is an integer k > 1 such that Ey(x) is in the domain of F k and n = 
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jfc-1 



E E E E ex p \Y,^v°F j ty))m 

ceCrit'(/) ceCrit'(/)fc=l2/e-F-*(2:c) \i=° 



< fsupL^) [ #Crit'(/) + V 1(c) ) , 



which is finite by the considerations above. We thus obtain a contradiction 
that completes the proof that 2? vanishes at (t, P(f, <^t,o))- ^ 



4.3. Proof of the Main Theorem. By hypothesis, there is an integer n > 
1 such that the function tp := ^S n (tp) satisfies supj?^ tp < P(f, <p). Since / 

is Lipschitz as a self-map of I, it follows that p> and ip := —S n (ip) are both 
Holder continuous. On the other hand, note that if h : «/(/) — > R is the 
continuous function defined by /i := — ^ ]Cj=o ( n — 1 — j)v ° Z 5 ) then ip = 
<p> + h — h o /. This implies that for every invariant measure ^ of / we 
have J <p du = J <p dv, so P(f,p) = P(f,p), and 99 and share the same 
equilibrium states. A similar argument shows that for every t in R we 
have P(f, (p + tip) = P{f, tp + tip). Moreover, our hypothesis that ip and ip 
are nicely distorted by / implies that <p and ip are also nicely distorted by /. 
Thus, replacing tp by tp and ip by ip if necessary, we can assume supj(j) tp < 

For the rest of the proof, we proceed in a similar way as in the proof 
of [PRLlTJ Theorem A]. Denote by I the domain of /. In view of Lemma [2. 2 \ 
we can find a nice couple (V , V) for / for which the conclusions of Lemma f2.4l 
and Propositions IA1 and IB1 hold for some c in Crit'(/), some p\ < P(f,tp), 
and some £0 > 0) respectively. Replacing (V, V) by a smaller nice couple 
if necessary, assume that the conclusions of Corollary 13.11 hold for (V,V), 
and that the function <3?o,o defines a Holder continuous function on the sym- 
bolic space associated to the canonical induced map F : D — > V associated 
to (V, V). This implies that the function := < I ) o,P(/,^) nas the same 
property. 

By PropositionEl the function & vanishes at (t,p) = (0, P(f, tp)), so P(F, 
0. On the other hand, Proposition |A] implies that ^ is "summable" for F 
in the sense of [MU03j . Thus |MU03| Proposition 4.2.5 and Theorem 3.2.3] 
imply that F admits a exp(— $ </ ')-conformal measure pi, as defined in $3) 

To construct the equilibrium state for /, remark that, by standard con- 
siderations, F has an invariant measure p that is absolutely continuous with 
respect to the exp(— ^^-conformal measure p of F, see for example |Gou04[ 
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§1], or [MU03, §6] in the case V is connected. The measure 

m(W)-l 

we® j=o 

is easily seen to be invariant by / and part 1 of Corollary 13.11 implies that 
it is finite. 

We claim that the probability measure p := p^I)^ 1 ]) is an equilibrium 
state of / for the potential ip. To prove this, observe that by part 2 of 
Corollary 13.11 and [MU03, Theorem 2.2.9], the measure p is an equilibrium 
state of F for the potential . Therefore we have 



h p {F) + J V dp = P(F, ^) = 0. 



By the generalized Abramov's formula |Zwe 05, Theorem 5.1], we have h p {F) 
hp(f)f)(I), and by definition of p we have J in dp = p(I). We thus obtain, 



hpif) = KT)-%(F) = -p(iy L / dp 



-kit 1 j V dp+p(f,<p) = - 1 <pdp+p(f, v ). 



This shows that p is an equilibrium state of / for the potential ip. 

To show that p is the unique equilibrium state of / for the potential tp, 
it is enough to show that the Lyapunov exponent of each equilibrium state 
of / for the potential p is strictly positive, see [Dobl2j for a proof of this 
result in the case of complex rational maps that extends to the interval maps 
considered here. In fact, if v is such a measure, then 

K(f) = P(f, ¥>) - I <pdv> P(f, p>) - sup p > 0. 

J J(f) 

By Ruelle's inequality, the Lyapunov exponent of v is strictly positive. This 
proves that p is the unique equilibrium state of / for the potential ip. The 
argument above also shows that hp(f) > 0. 

In view of part 1 of Corollary 13-H to prove that p is exponentially mixing 
for / it is enough to apply Young's results in |You99] to the first return 
map of F to V z , as in the proof of [PRL071 Theorems B and C], or |PRL11| 
Theorem A]. 

It remains to show that the function 1 1— > P(f, <p + tip) is real analytic on 
a neighborhood of t = 0. By Proposition |Bj the function & is finite and 
real analytic on a neighborhood of (t,p) = (0, P(f, <p)). On the other hand, 
by part 2 of Corollary O and [MU031 Proposition 2.6.13], we have 

d f 

g^^\(o,P(M) = -J m(-) dp<0. 

In view of Proposition [Bj applying the implicit function theorem to & 
at (t,p) = (0, P(f, p>)), we obtain that the function t h4 P(f,p> + tip) is 
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real analytic on a neighborhood of t = 0. The proof of the Main Theorem 
is thus complete. 

Appendix A. Hyperbolic potentials and the bounded range 

CONDITION 

Let X be a compact metric space, and let T : X — > X be a continuous 
map. Recall that 2 continuous functions p : X — > R and <p : X — > R are 
co-homologous, if there is a continuous function \ : X — > R such that 

P = P + X~X°T. 

It is easy to see that every continuous potential <p : X — > R satisfying 

(A.l) sup 99 - inf 99 < /i to p(T), 

x x 

also satisfies 

(A.2) sup p < P(T, tp)', 

x 

so in the case / is as in the Main Theorem and T = such a potential 95 

satisfies hypothesis (11.31) of the Main Theorem. 

The purpose of this section is to show that, under a fairly general condition 
on T, there is a potential ip satisfying (IA.2j) that is not co-homologous to 
any potential p satisfying (|A.1|) . with p replaced by p. When / is a map 
in that is topologically exact on J(f), this general condition is easily seen 
to be satisfied when T = /[,/(/)• 

Lemma A.l. Let X be a compact metric space, let T : X — > X be a 

continuous map, and let h > be given. Suppose there are disjoint com- 
pact subsets X' and X" of X that are forward invariant by T , and such 
that ht p(T\x') > 0. Let p : X — > ( — 00, 0] be a continuous function that is 
constant equal to on X' , and such that sup X " p < —h. Then 

supv? < P(T, p), 
x 

and for every continuous function p : X — > R that is co-homologous to p, 
we have 

(A. 3) sup p — inf p > h. 

x x 

Proof. By the variational principle there is a probability measure v' on X 
that is supported on X' , that is invariant by T, and such that h u /{T) = 
h v > (T\x>) > 0. Then we have 

P(T,p) > h v >(T) + / p dv = h v >(T) > = sup p. 

J x 

On the other hand, if p : X — > R is a continuous function that is co- 
homologous to p, then we have 



supv? > j f p du' = J p du' = 0. 
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Moreover, if v" is a probability measure on X" that is invariant by T, then 

inf <£> < / (p dv" = (p dv" = ip dv" < supip < —h. 
x J J JX" X" 

Together with the inequality sup x <P > shown above, this implies (|A.3|) , 

□ 
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